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6.4 Line |n|vgra|s

Qc;f \f f is definea\ on o smooth curve ( qven bj x=X(ﬂ,3=3(t\, acts<h,
then the line mieﬂral of j abong C s

[f(x,g)ds - lim Lf(xt*.ﬂ.*) As;
: n—d |=|

In the |enjH\oj Cs

- T

Then we can show that,
b

J fx\y)ds = Jf(xlt\,ﬂlt)]\,(f%)ﬁ(%)! dt

C a

/Cﬁ If Cis a piecewise-smooth curve ; 1e C is a union oj J‘nnih
5, number of smooth curves C;,...,Ca where , the inthal point of

ﬂﬁ Gy is the terminal pont of C.

Then, If(x.lj) ds - If(x.g)ds+ jf(x.ﬂ)ds +..F [ flxy)ds

G o) Cn
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There are two other lie m¥e3rals obtained bﬂ replacinﬂ
As; bj ether Ax; =% =% or Ale =Yi-Ys

n\eﬂ are called line m}egra\s oj f alonj C wrt x and 4

n

X, m ] (X:', : Ax; : X, = Im ] :» tx X
[ feagpas < m Lfelyran sy « m 2 fixt ") 8y

c b C b
] I e, ) )4 - [ ot g g

It frequen’rhj happens that line |n¥e3ra\5 w.rt fo xand j occur bﬂei'her.
In such o case we wnte 1t as

JP(x,g) dx + [Q(x,g) dﬁ - JP(x.H)dx + le,g)dﬂ

c (4

* RemarK  When we are seHinﬂ up line m}egrol, the hardest ’rhn‘nj sometimes is to fmd
a parametric represen’raﬁon for a arve whose 3eome’mb description is 3iven.

* for nstance, we offen need to porametnize o line setjmen{.
A veclor reprecentation o& o line that slarts o 5 and ends at T7 is qen by -
Ti) = (- +tv , 0¢te<d

Ex Evaluole jﬂ’dx + xdﬂ where

c
N C=C is the lne sejmenl from  (-5,-3) to (0,2)
W) C=Gis the arc of the parabola x=4-y" from (-5-3) o (0,2)
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1) The paramelnization of C=C s gen bj
T = (1-1)45,-3> +4<0,2> 04441
= {5t-5, 3t-3> +<0,at >
={5-5,5t-d >

So, x=5t-5 ,5=5t-5, 0<t<h.

[ dxs ndy . [is-375 0t +(5t-5) st
c

°,

5}' (a5t*-ast+4)dt . -5
6

0

i) Since the Parabo\a 15 gven 05 0 funcHon oj Y. we can take 4 as a parame}er.
Then,

')(='1-tj2 » Y=Y ~3$3$2

Then dx ='23 dﬂ and

2

[UadX-\-Xd‘lj . ‘[H’(-Qg)dﬂ + (4-32)dﬂ J( 33 32-}4) y - 3%5_
G, 3
RemK
(0,2) Tre two curves have the same
/ \ endpoints , but the mieﬂra\s
3 4
/ are different
C3

(-5.3)

So n (Jenero\ , the value of' the line m\egm\s

dePend on the Pa’rh and not on\j on the endpomis
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Also, the answers depend on the direction or the orenlation o]c wrve

f -G, denotes the line seamen’c from (0,2) to (-5,-3) , then you cn show

*In 3enero\ 0 gven parame’mzahon x=x(t), y: 3(t) a<t<b, defermines

an onentation of the curve C,
the Posnhve direction oj travel corresponds b mcreasmg values of 1.

(-\;/‘B = initial pont (1.e. when t-a)
A'\_ / S B ferminal Pom’c (when t=b)

b t

Then - C means the same curve but w/ orentotion reversed [ opposite orientation )

S, Ij(x,ﬁ) dx = -J fluyddx J joy)dy = ‘“("’ﬁ)dj
-C c -C c
However, J flxy)ds = J flxy) ds
-C ;

This i because in our defn As; is always posthve | where as  Ax; and By; chanﬂe

sicjns when we reverse ortenfation

Line Infeqrals in space

Suppase that C is a smooth space curve guen l)j the paramelricequations
x=xt) | Y= 5(t) z:=2(t) ,a¢t<b
or n a veclor equalion form TIt) = x(1b) t+5(t)]+ zZb k.
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i {isa funch'on of 3 variables continuous on some region conim'm'nﬂ C, then we define

the line mlvﬂml of Jt alorﬂ C as
Jf(x)lj 2)ds - Im Z_j(%; 3; .2, )0s;

n—-00 =1\
c

and we can evaluale 1t as -

J Hxy2)dS - be(x.g.z)\/(gf){r ((%?)2.} (%)2 dt

Remark  1f FIt) - (x(t),y(t), 2())

en 7'8) - (x16),y11),2(8) = [P0 < \f x|’y d_f

d
o, [frnds . Jf(?(tﬂ.lf"mldt {nous for funchin ]

c of A variable as well

When j(x,g.z) =

4,
b

Jf(x,g,z) ds . J Wl dt - L
a

c

Tust ike in he cose of funchion of d-variables, we can defime
iKe mie(jrak along C wrt x, Y and 2z .
b

for instance, [{(xg 2)dz - lm Zf(xl Yo 2,) Jf(x(t) ylb), 2(t)) 2'(t) dt

n-oco L=|
(4 0

Notation

JF(x\j 2)dx + [Q(x, ,z)a\j jk(x 2)dz = Jl’(x,lj,z)d?( + Q(x,\:],Z)dj+ Rlxyg.Z)a\z

¢ c c c
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Ex Evaluate (x‘dx ‘”szﬂ +2'dz , where ( consists of line seﬂmen’rs
c

G jrom (0,0,0) o (1,2-1) and C, consists oj line seﬂmenfs jrom (1,a,-1) o (3,3,0)

Sl We need to parametrize G and G

G T) = [1-1)€0:0,0D + £<1,3,-1>
=<t,t,-t>, 0¢t<¢1

or equwalen“j X= { ?j = at y 2 =-t ) Oété i G & (ha-1)
dx=dt, dj=ad{) dz =-dt (3a0)

4 1
i

Thus, [dex + 320\3 +2dz . J £t +(at) 24t +(-4)-dt . J sl dt - %tg} - g
C\ 0 0 (4]

LiKe wise alonﬂ G,
vt = (1-4)<1,3,-1) +1€3,2,0>
=<1-4, 3-8, 41D+ <38,3,0)
= Cat+4,3,t-1) o<t <!
dx=2, Jlj=0, dz =1

1 ] I
Jx’dx +Hndj+29dz = J(mt)’. adt + (’c-l)nd{ - I%2+6l:+3 dt = [3t3+ 3t2+3{:' =q
G 0 0 0

Then Jx’dmﬂ’djﬁ’dz: %+q =_35_

(4

Line Infeqrals of vector ][nelds

&e}_ let T(4), a<i<b, be a smooth curve.

The umit innﬂen’f vector o]t curve C is qven bﬂ T -7'¢) .
1T
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DEF  Let F be a continuous vechor fieH Jefmcd on a smooth curve C 3'|ven bj
o vedor function rlt), act<b .
Then the |ing mie(jml of F a\onj C -I;S—.
[ Fdr - j FFIE) .T() dt - j FeT ds

c a ¢

Ehasical lnietp[eiahon o£ a_line mieaml :

Work  The work W done bﬂ a force fn'elo\ F ach‘nj on a movn'nj Parh'cle alomj a smooth curve C qven
bﬂ a vector Junchon Tt) ,a¢t<h is guven bj ;

W . j?(?tm TIb) ds

(4

* The worK 15 the lne mieam\ w.rt arc lengﬂu of the fanjenh'a\ comPonen’t 0} the force.

Ex Find the work done bj the jorce jl'elal F(x,ﬂ) = <X,3+l> in movinj an obJeck alonj an arch
of the cjcloia\ T = (t-sint) T + (I-cos{)f 0¢tem

Sln F(TW) = (L-sint) & + ln-cosm)f
= {t-sint, 3-cost D

r'(t) =<1 -cost, sint D

an
Then, W . J FIFW).T'H)dt - | {t-snt,3-cost D. <1-cost,sint Ddt
¢ 0
n
_ [ (t -tcost -sint + sint cost + 3t -sint.cost ) dt

0
an

an
- I(t ~teost +dsint )dt - [El_tl-(ismt +cost) - deost }
0

0

= It
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RemarK S F.d7 - -[ Fdr [Sf"“ Tis reversed :I

-C

c

Connection belween Line |nie(jra|5 of vector ﬁeld and line m’reﬂrals oj scalar j]'eld.

let T - P(x,H.z)’f + Q(x.tj,z)_'f + R(x,g,z) k
and ( is a smooth curve 3iven bj rlt) =(xlt),jlt),z(t)>, ast<h.

Then, jF.A? ]

(4

-

S —— o

a
(o

b
(

~o- O

FIF).7'()

(P8 +Q7+ RR). (%1t)}+ H'(t)f +2HR) 4
[l’(xlt\,ﬂlﬂ,z(t)) x () + Q(x(t),ye), z(t) )-3'(t) + R(x(t),j(t) 2(t) Z'(t)] dt

Pdx + de + Rdz

DeF A vechor jield F is called o conservative veclor field 1f i the gadient of some scalar function §

e. F - U . In this situahon f i5 called a potential junchbn jor F.

Ex  Suppose an eledric charﬂe Q is located at the origin.
/\ccordinﬁ o Coulumbs law, the eledric force F(®) exerled bﬂ this charge on a charjeq
located at a Poin{ (x,aj,z) w/ Pos}h'on vector 7=<x,3.z> 1S

FIF) - £aQ %X where & is conslant.

[x)?

For charges w] same sign , 4& >0 and the force 15 vepulsive .

oPPosﬂe sign, 48<0 and the jorce 15 oftrachive .

let f(x,lj,z) - -J%%i?
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Vf(X,H,Z) = %t+%f_j\+ % E

=Exall\.+£@ A+.£4Q£‘___E
(X1+gi+22 )s (x2+52+ 2?)h (x4 32-&2 2)%

= F(x»ﬂ)z)

16.3  Fundamental Thm for Line |nie3ra|5

b
F1C [ F(x)dx = Fb)-Fla)

(]

Theorem  let C be a smooth curve Tven bﬂ the veclor funchion T(+), act<b.
let § be o dif]‘. funcjn'on oj two or three variables whose 3rad|en{: veclor Vf is conhnuous

on (. Then,
| V5.7 = {(r) -fiF).
c

* Line m{eﬂml of Vf 15 the net chanje in :[

_Ef_ let us assume f i5 a funch’on of 3 variables .
b

[ V(.4 - |VfIFW).T() dt

‘ ¢

(e dxy 3 dz )\ dt
L-—f- X 4 a—g- JA?-‘.% d't)

ox dat

ji{[f(r(t))] &
= $(¥(b)-{(Fla)) .

n
S e O ¢

RemarK : We can evoluate the line mieﬂral of a conservative veclor fnld ( the 3mdien’t vector jielo\ of

a po*enﬁa\ funchon j) simplﬂ bﬂ Knowinﬂ the value of]( at the endeMs of C.

RemarK : Also true ]tor Plecewise smooth curves .
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¢ Recll F - -gmM X,
IX 2
Fis a conservative vedor feld wl polertial function flxy,2) - gmM _ 1e Vf - F.
Ex Find the work done bj the ﬂravﬂahona\ jn’e\d
Fix) =-6mM X in movinj a Par’ric\e w/ mass m from the pont (3,4,12) fo (2,2,0)

I a\onﬂ o plecewise -smooth curve C .

Shbon W [Fa? - [V).07 - {020 -{(8.40) - GuM__ Gm_
¢ ¢ 1942 34t

- qu(Flr'f'é)

G
Independence %[ path A<:’C?'B

Suppose (; and (, are two piecewise -smooth curves {which are called paths)
that have the same nitial point A and lerminal point B .

We saw Previous\ﬂ an examPle where J F.d7 . J-F.aIF
G G

But the FTLL sous, [Vf A7 - JVJPJ? whenever Vf is conlinuous

Cl CJ

le. the line m’teﬂm\ oj a conservative vector jn’eld depends onlﬂ on the indial & termina) P’r of the curve.
gjﬂ If F is continuous veclor fléld w/ domain D , we say that the line inieara\ j? dr’ 1

ino\ependen{ o} PaPn i{ I?.d? - IF.dF jor any .+wo PaH'\ Gr Gy w) ¢
q G same initial § tferminal Po{nfs.

* The line m’teﬂm\s of conservative veclor jl'e\ds are independentoj Po’rh.
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DEFN

———

A curve is called closed |} its terminal point coincides W/ the nthal pomt , ((@) =7(b)) .

Cr D

i [f. d is independent of path in D, ond C be ony closed path in D,

4

we can PicK any two Poinls Aand B on C

C. B
- ond treat C asa comPOSIHOI\ oj PaHm G
L Jrom AtoB ad G jrom B oA,
Then, jmr: [F.Ahfﬁ’.ar : JI?.AF’- jﬁauo since C and -G have
c G ) G -G same initial and ferminal
points .

Now on the other hand, lf Jl—:’.d?= 0 for any closed path Cin D,
C

taKe 1wo Po’rhs (.6 from AtoB and a\efme C to be the curve C; followed bj -G.
Then,
0- [ Jmn[mr i I'r'.ar-JF.ar > [?.auj?.ar.

¢ G G G G G )
So we have shown :

Theorem Iﬁd?’ s indePenJeM oj path in D if and onlﬂ uf IFJF’=O f"' every closed PaH\ (inD.
c

c

Phﬂs{ca\ mierpre’rahon - WorK done l>j conservative jOtCe jielo\ as 1t moves an oliIec’r around a closed
Pafh is 0,

Lecture 7 Page 11



